BIFURCATION OF CONSTANT MEAN CURVATURE TORI 
IN EUCLIDEAN SPHERES 
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Abstract. We use bifurcation tlieory to sliow tlie existence of infinite sequences iso- 
metric embeddings of tori with constant mean curvature in Euclidean spheres that are not 
isometrically congruent to the CMC Clifford tori, and accumulating at some CMC Clifford 
torus. 
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1. Introduction 

1.1. Index and stability of CMC hypersurfaces. As is well known, minimal hypersur- 
faces in a Riemannian manifold N are critical points of the variational problem of mini- 
mizing area. Similarly, hypersurfaces with constant mean curvature (CMC) in N are also 
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solutions to the same variational problem, when restricted to volume-preserving variations. 
For such a critical point M, the stability equation of the corresponding variational prob- 
lem is given by the second variation of the area functional, which can be written as the 
quadratic form Q{f) = J^ii'^f) ' f ^'^^m acting on the space of functions on M, with 
J = — A — mRic N{n) — \\S\\^. Here A is the Laplacian on functions on M relative to the 
induced metric, m = dim(M), RicAr(n) is the Ricci curvature of N evaluated on the unit 
normal field n and S is the second fundamental form of the hypersurface. The operator J 
is called the Jacobi or stability operator of the hypersurface. 

In the case of minimal hypersurfaces, the index of a minimal hypersurface M, denoted 
by VMorse (-^)> is defined as the maximum dimension of any subspace on which Q is nega- 
tive definite. Equivalently, iMorso {M) is the number of negative eigenvalues of J (counted 
with multiplicity), which is necessarily finite. Intuitively, iMorse(Af) measures the number 
of independent directions in which the hypersurface fails to minimize area. To see it, ob- 
serve that if Q{f) < for a function /, then the second derivative of the area functional in 
the normal variation of M induced by / is negative and therefore Area(M) > Area(Mt) 
for small values of t. That means that the minimal hypersurface M, while a critical point 
of the area functional, is not a local minimum. For minimal hypersurfaces in the Euclidean 
sphere S'"+^ this is always the case, and iMorsc(A'^) > 1 always. 

A spectral analysis of the Jacobi differential operator of a given minimal/CMC subman- 
ifold provides many information about the displacement of nearby minimal/CMC subman- 
ifolds. In [41], Simons characterized the totally geodesic equators S™ c 8™+! as the only 
compact minimal hypersurfaces in §"*+^ having iMorse(-^) = 1- Later, Urbano [46], when 
m = 2, and El Soufi [ 1 9] , for general m, proved that if M is not a totally geodesic equator, 
then not only must be iMorso (Af) > 1 but in fact it must hold iMorse(Af) > m + 3. On 
the other hand, apart from the totally geodesic equators, the easiest minimal hypersurfaces 
in §"*+^ are the minimal Clifford tori, and they all have iuorsdM) = m + 3. For that 
reason, it has been conjectured for a long time that minimal Clifford tori are the only com- 
pact minimal hypersurfaces in §'"+^ with iMorse(-^) = m -|- 3. In [46], Urbano showed 
that the conjecture is true when m = 2. Later on, Guadalupe, Brasil Jr. and Delgado [22] 
showed that the conjecture is true for every dimension m, under the additional hypothesis 
of constant scalar curvature of M. More recently, Perdomo [35] proved that the conjecture 
is also true for every dimension m with an additional assumption about the symmetries 
of M, and, in particular, the conjecture is true for minimal hypersurfaces with antipodal 
symmetry. 

In contrast to the case of minimal hypersurfaces, in the case of hypersurfaces with con- 
stant mean curvature one can consider two different eigenvalue problems: the usual Dirich- 
let problem, associated with the quadratic form Q acting on the whole space of functions 
on M, and the so called twisted Dirichlet problem, associated with the same quadratic 
form Q, but restricted to the subspace of functions / satisfying the additional condition 
Im /^o^Af = 0. Similarly, there are two different notions of index, the strong index, de- 
noted by i^iQj.gj,(M) and associated to the usual Dirichlet problem, and the weak index, 
denoted by iMorsc(-^) '^'^'^ associated to the twisted Dirichlet problem. Specifically, the 
strong index is simply the maximum dimension of any subspace of functions on which 
Q is negative definite. On the other hand, the weak index is the maximum dimension of 
any subspace of functions satisfying /voIm = on which Q is negative definite. Ob- 
viously, from a geometric point of view the weak index is more natural than the strong 
index. 

Barbosa, do Carmo and Eschenburg [6] characterized the totally umbilical spheres 
S'"(r) C §™+i as the only compact CMC hypersurfaces in the Euchdean sphere hav- 
ing iMorso (^) = (i-^-' being weakly stable). In [3], AKas, Brasil and Perdomo proved 
that the weak index of any other compact CMC hypersurface M in which is not 

totally umbilical and has constant scalar curvature is greater than or equal to m + 2, with 
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eq uality if an d only if M is a CMC Clif ford torus S^ (r) x S™-^ (Vl-r2) with radius 
\J jl {m + 2) < r < (j + 2)/(m + 2). More recently, in [4] the same authors comple- 
mented that estimate by showing that the weak index of any compact CMC hypersurface 
M in which is neither totally umbilical nor a CMC Chfford torus and has constant 

scalar curvature is greater than or equal to 2m + 4. At this respect, it is worth pointing out 
that the weak stability index of the CMC Chfford to rus §^ (r) x S' "-J (Vl - r^) dep ends 
on r reaching its minimum value m + 2 when r G [m + 2), ^ {j + 2)/(m + 2)], and 
converging to +oo as r converges either to or 1 (see [3] and Section 5 for the details). 

In this paper we study a result of existence for CMC embeddings of the torus x S'""-' 
into the sphere for arbitrary 1 < j < m. There is a very rich literature on CMC 

embeddings of the 2-torus x into Reference [25] contains an extensive description 
of many recent results of CMC embeddings of cylinders and tori in the 3-sphere, as well 
as a comprehensive list of references. Two important conjectures are discussed in [25]: the 
Lawson conjecture and the Pinkall and Sterling conjecture. The Lawson conjecture states 
that the only embedded minimal 2-tori in are isometrically congruent to the minimal 
Clifford torus. The Pinkall and Sterhng conjecture states that the only embedded CMC tori 
in the 3-sphere are rotational. 

1.2. Bifurcation of CMC Clifford tori. Let us fix notations in order to give a precise 
statement of the result proved in this paper. Given a differentiable manifold M and a 

Riemannian manifold (iV, g), we say that two immersions xi,X2 M ^ N of M into TV 
are isometrically congruent when there is an isometry ^ of (A^, g) that carries the image of 
x\ onto the image of X2, i.e., if there exists a diffeomorphism (p of M and an isometry ip 
of {N, g) such that the following diagram commutes: 




Given integers m > j > 1 and a positive real number r e ]0, 1[, we will denote by 
a;™'^' : S> x S^-^' — > S^+i the embedding: 

(1.1) x';^'^{p,q) = (r-p, Vl-r2-g), pGE^,qG S""^'. 

These are well known to be embeddings with constant mean curvature (CMC), called in 
the literature the constant mean curvature Clifford tori. This paper is devoted to proving 
the following: 

Theorem. For fixed j, m, there exist two sequences i^T'^^i^K ■'"[' 

specifically 



m-3 + {i-2){j + i-l) 



and 



■ — 



_ j + {l-2){m-j + l-iy 
with lim r™''' = 1 and lim si"'-' = 0, such that the Clifford tori x™:^ and x^'^ are 

accumulation ofpairwise non congruent CMC embeddings ofS' x S™"^ into S"*"*"^, each 
of which is not congruent to any CMC Clifford torus. 

For all other values of r G ]0, 1[, the family of CMC Clifford tori x'^'^ is stable, in the 
sense that any CMC embedding ofE>^ x S™~-J into §™+^ which is sufficiently close to a;™'-' 
must be isometrically congruent to an embedding of the CMC Clifford family. 
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The basic tool for proving the result is variational bifurcation theory, which requires a 
quite involved analytical and geometrical framework. The main part of the paper is devoted 
to establishing the appropriate analytical and geometrical setup for applying bifurcation 
and Morse theoretical techniques to the CMC variational problem. Let us describe in some 
detail the technical issues that arise when one tries to give a formal proof of bifurcation of 
CMC submanifolds. 

The problem has a variational nature: CMC embeddings (in codimension one) are crit- 
ical points of the area functional defined in the space of embeddings that bound a region 
of fixed volume. The set of trial maps for the variational problem should be a collection 
of embeddings of the torus M = x S"^^ into the sphere N = 8"+^ in order to 
detect solutions that are not isometrically congruent, one should take into consideration 
the action of the diffeomorphism group of M, acting by right composition in the space of 
embeddings, and the action of the isometry group of N, acting by left composition on the 
space of embeddings. Note that the area and the volume functionals are invariant by the 
action of these two groups. The action of the diffeomorphism group of M on any set of 
embeddings of M into is free, which suggests that one should consider a quotient of 
the space of embeddings by this action. This means that two embeddings x, y : M ^ N 
will be considered equivalent if there exists a diffeomorphism (p : M ^ M such that 
y = X o (j). As to the left action of the isometry group of N, this is not free; nevertheless, 
the group is compact, and one can study a bifurcation problem for its critical orbits. Thus, 
the variational problem has to be cast in a framework of equivariant bifurcation in a set of 
equivalence classes of embeddings of M into N . One of the crucial issues is the choice of 
which regularity has to be chosen in the set of embeddings. 

In order to apply results from bifurcation theory, the set of trial maps for the vari- 
ational problem and the functionals involved must satisfy quite restrictive assumptions, 
more specifically, a (local) Palais-Smale condition, and a Fredholm assumption on the 
second derivative. The latter is needed for the computation of the local Morse theoretical 
invariants used to detect bifurcation: roughly speaking, bifurcation occurs at an instant of 
a path of critical orbits when at this instant there is a jump in the critical groups. 

A purely Hilbert structure based on Sobolev spaces seems unfeasible for the type of 
variational problem treated here. Namely, if ^-regularity is too loose when the dimension 
of the source manifold M is greater than one; weak iJ^-solutions of the quasi-linear el- 
liptic equation of CMC embeddings may fail to be regular, and if ^-critical points of our 
variational problem do not give in general CMC embeddings. On the other hand, if one 
considers Sobolev regularity H'^, with fc > 1, the second derivative of functionals of the 
type area/volume is never Fredholm (but rather compact). 

The class of embeddings that seems most appropriate for developing a variational theory 
of the area/volume functional is the set of embeddings of class C^'", with a e ]0, 1[. 
However, passing to such a Banach manifold setting has two annoying consequences. First, 
for the local Palais-Smale condition, which is required in bifurcation theory, it is typically 
employed a Fredholm assumption for the gradient of the function. Such assumption is 
satisfied when the second derivative of the function is a Fredholm linear operator from the 
tangent space to its dual, but typically general Banach spaces (and specifically C^'") do 
not admit any Fredholm operator from the space to its dual. This problem is solved here 
observing that the second variation of the area functional, which is given by a second order 
hnear elhptic operator, although it is not a Fredholm operator from C^ " to its dual, it is 
represented by a Fredholm operator from C^'" to C*^'". The latter space can be put in 
duality with C^ " using the L^-pairing, and in this way one obtains a sort of gradient map 
which is in fact Fredholm. This yields a local Palais-Smale condition, as in the case of 
Fredholm maps on Hilbert manifolds. 

Second, the notion of nondegeneracy for critical points/orbits suitable for developing 
local Morse theory in a Banach space context is dehcate. Namely, one cannot require that 
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the second variation be an isomorphism from the tangent space to its dual, because again 
for general Banach spaces there exists no isomorphism from the space to its dual. Recently, 
a computation of the critical groups for a certain variational problem in Banach spaces has 
been performed under rather mild nondegeneracy assumtpions (simply, injectivity of the 
Hessian, see [8, 9]), but the techniques in [8, 9J do not extend in an obvious way to the 
problem discussed in the present paper. Following [10, 11, 45], the appropriate notion of 
nondegeneracy for critical points of functions in Banach manifolds has to be given in terms 
of a sort of splitting of the tangent space into the sum of a strictly positive and a strictly 
negative subspaces for the Hessian. We will use Chang's notion of s-nondegeneracy for 
isolated critical points of functionals on Banach manifolds (see [10]), adapted to the case 
of isolated critical orbits. This is proved here using an extension of the Hessian to the 
Sobolev space H^, in which C^'" sits continuously and densely, together with the fact 
that, by elliptic regularity, the eigenspaces of such extension are contained in C^'". 

These questions are discussed in the first part of the paper, where we present an abstract 
framework for bifurcation of critical orbits of constrained variational problems on Banach 
manifolds endowed with a continuous action of a compact Lie group. The framework is 
described by a set of axioms; such an abstract treatment is not intended with the purpose of 
developing a general theory, but rather to collect in a unified language the several results 
from different areas needed for our goal. 

Other authors have studied bifurcation of CMC embeddings; for instance, in [30] (see 
also [38]), it is established a bifurcation result for nodoids, that are immersed (not embed- 
ded) CMC cylinders in R'^. In the case of nodoids, the hard part of the proof of bifurcation 
consists in the analysis of the spectrum of the Jacobi operator. The variational setup in that 
case is quite straightforward, because the ambient space is linear, and so the space of em- 
beddings is an open subset of a Banach space. In our case, the analysis of the spectrum of 
the Jacobi operator is easier, due to the fact that the Laplacian and the second fundamental 
form of the CMC Clifford tori in the sphere are well understood objects; for more general 
CMC tori in the sphere, the spectral analysis of the Jacobi operator is more involved, see 
[38, 39, 40]. On the other hand, the question of differentiability for the space of embed- 
dings of M into N modulo the diffeomorphisms of M is extremely involved. This issue 
is studied in detail here, and this is one of the most original part of our work. The smooth 
case is studied in [27, 31, 32, 33]. Actions of the diffeomorphism group of a manifold have 
been studied in several contexts, and one of the central question is how to construct slices 
for these actions. The interested reader may look up [18] for the action on Riemannian 
metrics by pull-back, or [20] for gauge theory. 

Equivalence classes of embeddings are called in this paper unparameterized embed- 
dings. We show that, in fact, the space of C'^'" (or even C*^) unparameterized embeddings 
of a compact manifold M into a compact manifold N fails to have a natural Banach man- 
ifold structure. By natural we mean that the map that carries an embedding to its corre- 
sponding unparameterized embedding should be a submersion. We show that the set of 
equivalence classes of embeddings possesses a set of local charts, and that these charts are 
only continuously compatible, but not differentiably. This is a consequence of the fact that 
the operation of composing on the right with a given diffeomorphism does not define a 
differentiable map on the space of C'^'" (or even C*^) embeddings. Nevertheless, we show 
that any smooth function on the space of C'^'"-embeddings from M to TV which is invari- 
ant by diffeomorphisms of M (hke the area and the volume functional) gives a well defined 
continuous function on the space of unparameterized embeddings which is smooth when 
seen in every local chart. Likewise, when N is endowed with a Riemannian metric g, the 
left action of the isometry group of (A^, g) on the space of unparameterized embeddings of 
M into N is not smooth when seen in local charts, but the orbit of a smooth embedding is 
indeed smooth in every local chart. 
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The paper is divided into four parts. In Section 2 we will describe the abstract variational 
setup that will be employed in the proof of our result. The material is this section deals 
mostly with Morse theory in Banach manifolds and bifurcation theory, and it is obtained 
by a systematization of several results already established in the hterature in a form suited 
for our purposes. In Section 3 we will study the (local) differential structure of the set of 
equivalence classes of embeddings of a compact manifold M into some other manifold N . 

In Section 4 we will study the area and volume functionals for arbitrary embeddings of a 
compact manifold M into a Riemannian manifold N, and we will set the CMC embedding 
variational problem into a Banach manifold framework. 

Finally, in Section 5 we will study the specific case of embeddings of S-' x into 
§m+i ^jjj show how the abstract bifurcation results apply to the case of CMC Clif- 
ford tori, by studying degeneracy, Morse index and stabilizers of the embeddings (1.1), 
finaUzing the proof of our main result. 

It should be observed that bifurcation theory does not provide a geometric description 
of the CMC embeddings that bifurcate from the degenerate CMC Clifford tori. 

Acknowledgements. The authors gratefully acknowledge the help provided by Gerard 
Misiolek (University of Notre Dame, Notre Dame, IN, USA) and Marco Degiovanni (Uni- 
versita Cattolica del Sacro Cuore, Brescia, Italy) during many fruitful conversations. Ger- 
ard Misiolek has given several suggestions on the differentiable structure for the set of 
smooth embeddings of a manifold M into some other manifold N modulo the group of 
diffeomorphisms of M. Marco Degiovanni has helped the authors in the non smooth bifur- 
cation results; among several suggestions, he has pointed out reference [16] that contains 
the details of a proof of stability of critical groups in the case of critical submanifolds for 
non smooth functionals on metric spaces. 

2. An abstract bifurcation setup for equivariant constrained 

variational problems 

2.1. Equivariant constrained variational problems in a Banach setting. Let us assume 

the following setup: 

(Al) *H is a differentiable manifold modeled on a Banach space X; 
(A2) G is a compact connected Lie group that acts continuously on dK by homeomor- 
phisms; 

(A3) ^ : 9Jl ^ R is a smooth G-invariant function, i.e., A{gx) = A{x) for all 5 e G 
and all a; in dK. 

(A4) V : 9Jl — > R is a smooth G-invariant function without critical points, so that for 
all c G R, the inverse image Sc = V~^(c) is a smooth embedded G-invariant 
submanifold of 9K. 

For all x G SUl, we will denote by 0{x, G) the G-orbit of x, and by Gx the stabilizer of x, 
which is the closed subgroup of G consisting of all the elements g such that gx = x. 

We are interested in studying constrained critical points of A with constraint V, i.e., 
critical points of the restriction of A to the hypersurfaces Sc = V~^(c), when c varies 
in R. Note that if xq belongs to Sc, then the orbit 0{xq, G) is entirely contained in Y,^. 
Moreover, if xq is a critical point of A\y.^, 0{xo,G) consists entirely of critical points 
of ^|ec- We say then that O{xo, G) is a constrained critical orbit of A subject to the 
constraint V = const. We will also set the following axiom: 

(A5) for every critical point xq of A subject to the constraint V = const, the orbit 
0{xo,G) is a smooth (finite dimensional compact) embedded submanifold of 9Jl, 
on which the action of G is smooth. 

We observe that, by a result of Dancer [15], assumption (A5) is always satisfied when 9Jt 
is a Banach space and the action of G is by linear isomorphisms. 
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2.2. Nondegeneracy and Morse index. Consider a constrained critical orbit O {xq , G) of 
A subject to the constraint V = const, with V(xo) = c. The tangent space TxgO{xo, G) 
is contained in the kernel of the second variation (^| ) ; one possible notion of nonde- 
generacy for the orbit can be given by requiring that the kernel of the bounded symmetric 
bilinear form (^IsJ (a^o) coincides with TxaO{xQ,G) in T^aT^c- 

What we will be actually interested in is the question of accumulation of critical orbits 
corresponding to different values of c, and this has to do with another type of degeneracy. 
For A e R, define Ax:^^^hy: 

(2.1) Ax = A + \-V. 

Recall that, by the Lagrange multiplier method, G is a critical point of the restriction 
^1 if and only if there exists a real number Aq such that xq is a free critical point of the 
function (note that Aq for all the critical points of the orbit O{xo, G)). Moreover, 
in this case the second variation of A\s^ at xq is given by the restriction of the second 
variation d^^^o ('^o) to T^g'Sc- We will say that 0{x(), G) is a nondegenerate constrained 
critical orbit of A subject to the constraint V — const, if the kernel of the symmetric 
bilinear form d^Axf,{xQ) in T^pOJl is equal to TxoO{xq,G). Note that this is a weaker 
notion of nondegeneracy compared to the classical nondegeneracy of critical points for 
functions on a Hilbert manifold, where one requires that the second derivative d^^Ao (^o) 
be an isomorphism from the tangent space T^^OT to its dual, and not just an injective map. 
In the classical Hilbert setting, injectivity of the second derivative is not a condition strong 
enough to develop Morse theory. Appropriate Fredholmness assumptions will be imposed 
later, which will imply that our notion of nondegeneracy is suitable for applying Morse 
theoretical techniques. 

Similarly, there are two distinct notions of Morse index of a constrained critical orbits. 
Given a (nondegenerate) constrained critical orbit 0{xq, G) with V(xo) = c and with 
Lagrange multiplier Ao, we define the weak Morse index \^^^^^^[0{xq^ G)) the (possibly 
infinite) dimension of a maximal subspace of T^q^c on which d^^Ao {^o) is negative def- 
inite. By the strong Morse index iMo^se (^(^O) G)) we mean the dimension of a maximal 
subspace of T^^^ on which A^Ax^Xxq) is negative definite. Since Ec has codimension 
1 in 9Jt, it follows immediately that either both the strong and the weak Morse index are 
infinite, or the following inequaUties hold: 

(2.2) i 

Morse ^Morse ^Morse 

2.3 . Hilbertization and Fredholnmess. Although the basic framework for the variational 

problems considered in this paper is given by manifolds modeled on Banach spaces, it will 
be important to have an underlying Hilbert structure, on which the second derivative of our 
functionals must be represented by self-adjoint Fredholm operators. In the purely Banach 
space context, the assumption of Fredholmness for the second derivative of functionals is 
not reasonable, as in most cases there exists no Fredholm operator between a Banach space 
and its dual. 

A Hilbert/Fredholm structure will be employed in this paper in three different ways. 
First, Fredholmness of the second derivative is used to prove a local compactness condition 
{Palais-Smale condition) for our functionals. Second, for the proof of stabiUty of the 
Clifford family away from the jumps of the Morse index we will need to use a version 
of the implicit function theorem which requires Fredholmness. Third, a Hilbert/Fredholm 
structure is needed in order to employ Morse theoretical techniques in the Banach manifold 
context, in the spirit of [10, 45]. 

Two different sets of axioms are required. Axiom (HF-A) deals with the notion of 
gradient map for the functionals A\, and it has the main purpose to guarantee a local (PS) 
condition (see Proposition 2.2). Axiom (HF-B) deals with the second derivative of Ax, 
and this is related to the computation of the local homological invariants of Morse theory 
in the Banach manifold setting. It will be used essentially in Proposition 2.3. The reader 
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may keep in mind that, in our applications, the Banach space X is given by the space of 
C'°'" sections {k > 2) of some Riemannian vector bundle E over a compact manifold M, 
the Banach space Y is the space of (7'^-2,q sections of E, Ho is the space of i^-sections 
of E and Hi is the space of sections of E having Sobolev class H^. 

(HF-A) Given a critical point xq of ^Ao> there exists an open neighborhood U of xq 
diffeomorphic to an open subset of the Banach space X (the model of 9Jl), an- 
other Banach space y and a Hilbert space {Hq, {■, •)o), with continuous inclusions 
X ^ Y ^ Ho having dense images, and a map 

H ■.]Xo-e,Xo + e[xU — ^Y 

of class such that: 

dAxix)v = {H{X, x),v}^, 
for all X e U, X £]Xo — e, Xq + s[ and v & X, whose partial derivative: 

no" 

— {Xo,Xo):X^Y 

is a Fredholm linear map of index 0. We will call such H a gradient map for the 
family A\. 

(HF-B) Given a critical point xq of ^Ao^ there exists a Hilbert space Hi, a continuous 
inclusion X ^ Hi having dense image, an open neighborhood U of xo in 2Jt 
diffeomorphic to an open subset V of X, such that (identifying U and V with 
such diffeomorphism and considering Ax^ as a function on V): 

(HF-B 1) for a: e y, the second derivative d^^Ao (^) admits an extension to a bounded 
essentially positive symmetric bilinear form on H\, represented by the (self- 
adjoint) operator S\„_x on Hi, 

(HF-B 2) there exists (5 > such that, for a G ]— oo, (5], the cr-eigenspace of the essen- 
tially positive operator Sx^^xo is contained in T^a'i^- 
We will also require that the above objects depend continuously on xo and Aq: 

(HF-B3) Axioms (HF-Bl) and (HF-B2) hold for every A near Aq , and the map Sx,x 
depend continuously on A and x. 

By an essentially positive self-adjoint operator on a Hilbert space we mean an operator 
of the form P + K, where P is a positive isomorphism and if is a self-adjoint compact 
operator. Equivalently, essentially positive operators are self-adjoint Fredholm operators 
whose essential spectrum in contained in ]0, +(X)[. If 5 is an essentially positive self- 
adjoint operator, then there exists 5 > such that, if s(S') C R denotes the spectrum of S, 
the intersection s(S') n ]— oo, S] consists of a finite number of eigenvalues, each of which 
has finite multiplicity. A symmetric bilinear form B on a Hilbert space is called essentially 
positive if i? = (S* - , •) for some essentially positive operator S. This notion is independent 
on the choice of a Hilbert space iimer product (•, •) onH. 

A few comments on the HF-axioms are in order. First, we observe that the assumption 
on the density of the inclusions X ^ Y ^ Ho in (HF-A) implies that d^A (x) = if and 
only if the gradient H{X, x) vanishes. Namely, if dAx{x) = 0, then if (A, x) is orthogonal 
to the dense subspace X. 

The second observation is that the strong nondegeneracy for a critical orbit O{xo, G) 
is equivalent to the fact that the kernel of the derivative ^(Aq, xq) has dimension equal 
to the dimension of O{xo, G). By the Fredholnmess assumtpion, this implies that, given 
any closed complement X2 of TxoO{xo, G) in X, the linear map ^ (Aq, xq) restricts to a 
Banach space isomorphism between X2 and the image of ^(Aq, xq). 

Third, assumption (HF-B2) implies that 0{xq,G) is a nondegenerate critical orbit for 
^Ao if the self-adjoint operator iS'ao,xo is an isomorphism of Hi. Moreover, (HF-Bl) and 
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(HF-B2) imply that the strong Morse index i^orse (^(a^Oj G)) is finite and equal to the sum 
of the dimensions of the negative eigenspaces of S\g_xo- 

Finally, it should be remarked that in specific examples the Hilbert spaces Ho and Hi in 
Axioms (HF-A) and (HF-B) may be related. For instance, in the situation described above 
where X is the Banach space of C^'" -sections of a Riemannian vector bundle E over a 
compact manifold M, if the derivative ^(Aq, xq) is an elliptic operator, then the Hilbert 
space Hi can be defined as the Hilbert space completion of X with respect to the inner 
product 

{Xi,X2)l = {xi,X2)o + {^{>^0,Xo)Xl,X2)g. 



2.4. Pseudo-critical points. Let us use the axiom (HF-A) to show a preliminary result on 
the distribution of critical points of the family Ax. In the variational setup (Al) — (A5), 
assume that (HF-A) holds in a neighborhood U critical point xq of A\g . Set: 



Xi = Ker 



^(Ao,xo) 



Im 



^(Ao,xo) 



let X2 be a closed complement of Xi in X and Yi be a closed complement of Y2 in Y. 
Note that dim(Xi) = dim(Yi) = d, by the zero index assumption on the Fredholm map 
^(Ao, Xq). Let P2 : Y ^ Y2he the projection relative to the direct sum decomposition 
Y = Yi Q) Y2, and set H2 = P2 o H. A point (A, x) in the domain of H will be called a 
pseudo-critical point for the family A\ if i?2(A, x) — 0. Under certain assumptions (see 
Proposition 2.4), we wiU show that pseudo-critical points are in fact critical. Next Lemma 
tells us how pseudo-critical points are displaced near a nondegenerate critical orbit. 

Lemma 2.1. In the variational setup (Al) — (A5), let xq € dJl be a critical point ofAxg 
whose critical orbit O{xo, G) has dimension d and is nondegenerate. Assume that (HF-A) 

holds at Xq. Then, there exists an open neighborhood W of (Ao,a;o) /n R x and a 
[d + l)-dimensional submanifold V C W such that, for (A, x) G W, (A, x) is a pseudo- 
critical point for the family A\ if and only if(X, x) G V. 

Proof. Let oq G Xi and &o G X2 be such that xq = uq + bo. Consider the C^-map 
J^, defined in a neighborhood of (Ao,Oo,6o) in R x Xi x X2 and taking values in a 
neighborhood of (Aq, ao, 0) in R x Xi x Y2, obtained by setting: 

J^{X, a, b) = (A, a, H2{X, a + b)). 

We claim that ,F is a diffeomorphism around the point (Aq, ao,bo)', in order to prove the 
claim it suffices to apply the Inverse Mapping Theorem, observing that the differential 
d!F{Xo, ao, 0) is written in block form as: 

/I 0' 
djr(Ao,ao,0) = Id 
\* * Tj 

where T = ^^(Aq, 00,^0) : X2 — > Y2, and Id is the identity map of Xi. Now, 
djF(Ao, ao, 0) is an isomorphism, as T is an isomorphism. Notice in fact that T is the 
restriction of ^(Aq, xo) to Xi. Then, the set of pseudo-critical points for the family A\ 
in a small neighborhood of (Aq, oq, 60) is the graph of the C^-function ip, defined in a 
neighborhood of (Aq, ao) in R x Xi and taking values in a neighborhood of bo in X2, 
defined by tp{X, a) = 7r(j^~^(A, a, 0)), where tt : R x Xi x ^ X2 is the projection 
onto the third coordinate. The graph of is a (d + l)-dimensional C^-submanifold of 
R X X, which is identified with a (rf -h l)-dimensional C^- submanifold D of R x 9Jl. □ 
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2.5. The local Palais-Smale condition. Recall that a Palais-Smale sequence for the 
functional A\ is a sequence {xn)neK such that |^A(a;ra)| is bounded and ||d^(x„)|| is 
infinitesimal. Given a (closed) subset £ C 9Jt, the functional A\ is said to satisfy the 
Palais-Smale condition in £ if every Palais-Smale sequence for A\ contained in £ has a 
converging subsequence. 

An adaptation of a classical result of Marino and Prodi (see [29]), gives the following: 

Proposition 2.2. In the variational setup described by (Al) — (A5), assume that (HF-A) 
is satisfied at every point of a constrained critical orbit O{xo, G) of the fimctional A\fy 
Then, given £ > sufficiently small, there exists a closed neighborhood W ofO{xo, G) 
such that, for all A e ]Ao — £, Aq + £[, A\ satisfies the Palais-Smale condition in W. 

Proof. Using the compactness of the orbit and the G-equivariance, it suffices to show the 
existence of a closed neighborhood of xq on which A\ satisfies the Palais-Smale condition 
for all A sufficiently close to Aq. Since the set of Fredhohn operators is open in the space of 
all bounded operators from XtoY and the map H is of class C^, by taking £ > and U 
sufficiently small we can assume that the partial derivative ^ ( A, 2) is Fredholm for all 2: e 
U. The local form of a C^-map between Banach spaces with Fredholm derivative (see for 
instance [1, Theorem 1.7, p. 4]) says that there is a -change of coordinates that carries a 
neighborhood of xq in ?7 to a neighborhood of zero of a Banach space direct sum © £'2 > 
with dim(iJ2 ) < +00, and that takes xq to (0, 0), and a C^-change of coordinates that 
carries a neighborhood of i? (Aq, xq) in F to a neighborhood of zero of another Banach 
space direct sum © with dim(F/') < +00, and that takes H{Xo,xo) to (0,0), 
such that, using these coordinates, the map H{X, •) takes the form E^ ® E2 ^ (u, v) 1— !■ 
{"nxiu, v), u) e F^ © E^, where tjx ■ ® E^ ^ F^ a C^-map with d77A(0, 0) = 0. It 
is immediate so see that such a map is proper when restricted to the unit ball of E^ (B E2, 
thus the map H{X, •) is proper when restricted to a suitable closed neighborhood of 
xq, depending on A. The size of depends continuously on H and a proof of this 
assertion is obtained easily by keeping track of sizes in the proof of [1, Theorem 1.7, p. 4], 
that uses the inverse function theorem. Thus, using the continuity of H and one can 
find a fixed neighborhood Wq of xq such that for all A sufficiently close to Aq, H{X, •) is 
proper when restricted to Wq. 

Given a Palais-Smale sequence {xn)nGK for A\ contained in such neighborhood, then 
H{X,Xn) tends to as n ^ 00, and thus the set K = {iJ(A,x„) : n £ IN} 1J{0} is 
compact. The sequence (a;ri)neiN is contained in the compact subset H{X, ■)~^{K), and 
therefore it admits a converging subsequence, which concludes the proof. □ 

2.6. Local Morse invariants. Let xq be a critical point of Ax^, and let O = 0{xo,G) be 
the critical orbit of xq; set c = (^^o)- For g e R, define A\^ the closed sublevel: 

Al = {x€m:Axo{x)<q}. 
Given a coefficient ring F, the sequence of W-critical groups of O is the sequence 

i5*(0,Ao;F) = (i5,(0,Ao;F))^^^ 
of relative (singular) homology groups with coefficients in F: 

9jAO,Xo;F) = H,{Al^,Al„\0;F). 
By excision, if J7 is any open set of 371 that contains O, then: 

Ao; F) = H,{Al^ n U, {Al^ nU)\0; F) 

for all e M. 

We will now show how are assumptions can be used to compute the critical groups of a 
nondegenerate orbit. Such computation is based on an analysis of appropriate G-invariant 
neighborhoods of a critical orbit; it will be useful to employ some terminology from prin- 
cipal fiber bundles. Recall that given an //-principal bundle P ^ X over the manifold X, 
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and given a topological space Y endowed with an iJ-action, the twisted product P xhY 
is a fiber bundle over X whose fiber at a; e X in the quotient of the product xYhy the 
left action of H given by: 

Hx{P^xY)B {h, {p, y)) ^ {ph-\ hy) eP^xY. 

Since the right action of H on P^ is free and transitive, such quotient is homeomorphic to 
Y; P Xy X is fiber bundle over X with typical fiber Y. When G is a compact Lie group 
acting on a completely regular topological space X, then through every x G X there is a 
slice Sj; (see [7, Chapter 11, Sec. 5]); recall that T^^ is a subset of X, which is invariant by 
the action of the stabihzer H of x, and such that the map G x 'Sx 5 {g,y) g ■ y £ X 
defines an homeomorphism of the twisted product G XhT,^ and an open neighborhood of 
the orbit Gx. 

For the computation of the critical groups in our setup, we will consider for simplicity 
the field F = Z2. 

Proposition 2.3. In the variational setup (Al) — (A5), let xo G ^Dlbe a critical point of 
A\„. Assume that (HF-B) holds around the points of the critical orbit O = O{xo, G), 
that (HF-A) holds at every point of O and that 0{xo,G) is nondegenerate. Set p = 
^Morse(^(-^o, G)). Then for all € IN, the critical group f)^{0; Z2) is isomorphic to the 
singular homology group Hv-fj,{0; Z2) of the orbit O. 

Proof. Let iJ be the stabilizer of xq , and consider the principal fiber bundle G — > G/H = 
0{xq, G). Let be a shce at xq, let U be the open neighborhood of O given by G ■ Y^xo 
and set c = [xa)- The intersection fl [/ is a fiber bundle over O, whose typical 
fiber is the intersection 11%^ = A'^ n Y,xo ■ Let 5 be a submanifold of 9Jl through xq which 
is transversal to O at xq (i.e., Tx^S n Tx„0 = {0} and Tx„S + Tx„0 = r^„9K); consider 
a homeomorphism f) from T,xo to S, with i){xo) = xq, and such that o f) = on 
Uxo- Then, I) carries A^^ n to Al^ n 5 and {Al^ n S^J \ {a;o} to Al^nS\ {xq}, 
thus: 

H,{iAl„ n E,J, (Al^ n \ {xoh ^2) = Hk{{Al^ n 5), {Al^ n S) \ {xoh ^2) 

for all k. The restriction of ^Ao to »S is a smooth function, and it has xq as an isolated crit- 
ical point. This follows easily from the fact that, by the G-invariance, the critical points of 
the restriction of ^Ao to S are precisely the critical points of ^Aq that lie on S. Then, since 
O{xo, G) is nondegenerate, it is an isolated critical orbit of ^Ao- which has an isolated 
intersection with <S at xq, by transversality. 

Now, the critical point xo of the restriction of ^Aq to S is s-nondegenerate, in the sense 
of [10]. Recall that this means that there exists a diffeomorphism from an open subset V of 
the Banach space Tx^S to an open neighborhood of xq in <S and a hyperbolic isomorphism 
L : Tx„S TxqS such that, using such diffeomorphism to identify ^Ao with a smooth 
function on V, the following conditions are satisfied: 

(a) d?Axo i^o) [Lv, w] = d^^Ao (a^o) [v, Lw] for all v,w e Tx^S; 

(b) d^Ao (a;o) [Lv, u] > for all v e Tx^S, u ^ 0; 

(c) d^Ao {x) [L(x — xo)] > for all x in V \ {xq} with ^Aq {x) < Ax^ (xq). 

We will use Axioms (HF-B) to verify s-nondegeneracy. Consider the open subset V of 
the Banach space X = Tx^dJl, the Hilbert space Hi and the essentially positive operator 
Sxo,Xo Oil ^1 as in (HF-B). Denote by Tj.^^O^ the orthogonal complement of Tx^O in 
Hi. Then, setting T = X n Tx„0^, one has X = Tx„0 ® X, because Tx„0 C X; 
moreover X is isomorphic to Tx^S. Choose a local chart of Tl around xq taking values in 
Txo 0(BX and carrying an open neighborhood of xq in <S to an open neighborhood of in 
{0}(SX = X = Tx„S. 

The Hilbert space Tx^O^ is invariant by Sx^ ^xo > and it splits as an orthogonal direct sum 
H- ®H* (B H+, where H- is finite dimensional and it is spanned by the eigenvectors of 
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Sxo,xo having negative eigenvalue, is finite dimensional and it is spanned by the eigen- 
vectors of Sxf^^xo having eigenvalue in ]0, 6], and H+ has infinite dimension, is invariant by 
Sxo,xo ™d the restriction of Sx^^^o to W+ has spectrum contained in ]6, +oo[. By assump- 
tion (HB-3), H- and are contained in X, and thus X = H- (B ® (X n U+). 
Let L : X ^ X the isomorphism whose restriction to 7i_ is minus the identity, 
and whose restriction to {X PI W+) is the identity. Evidently, L is hyperbolic. 
Such operator admits an extension to a self-adjoint isomorphism of Tii, and properties 
(a) and (b) above are readily verified for such extension. Namely, it is easy to see that 
L commutes with Sxo,xo^ which implies that (a) holds. Property (b) is obvious, using 
the fact that the spaces and © (X n are orthogonal and invariant by Sxa.xa', 
the composition Sxo,xo^ is a positive isomorphism of Hi. Property (c) is also obtained 
easily using the mean value theorem for the function t i— > d^Ao (a^o + tv) [Lv] , where 
V = x — xo and x is near .tq. Namely, d^Ao i^) [Lv] = dAxo (^) [-^^] ~ d^Ao {^o) [Lv] = 
d^^Ao {xo + tv) [v, Lv] = {Sxa,xo+tvLv, v)^ for some t G [0, 1]. Since Sxo,xoL is a pos- 
itive isomorphism of H\, then by continuity Sx^^xo+tvL is a positive isomorphism for x 
near xq- Thus, (Sx^^^xo+TvLv, v) ^ > for v ^ 0, and (c) holds. 

By Proposition 2.2, ^Ao satisfies the Palais-Smale condition in a closed neighborhood 
of xo in 9Jl. Using the transversality of S to the critical orbit O, it follows that also the 
restriction of to a closed neighborhood of .tq in S satisfies the Palais-Smale condition. 
We can therefore apply Chang's result on Morse theory in Banach manifolds apphed to the 
restriction of ^Ao to 5; by [10, Theorem 1], we have: 

(2.3) Hk{Ai^ n .S, {Al^ n S) \ {xo}; Z2) - 

With this, in order to compute the critical groups of the orbit O we can use an abstract 

result on the homology of fiber bundles. One has a bundle pair {E, E) on the manifold O, 
where E = Al^fMJ has typical fiber F = n Ylx^ and £ = (^^^ r\U)\0 has typical 
fiber F = {A^^ fl Ej^q) \ {a;o}. Using the Leray-Hirsch theorem (see [44, Theorem 9]), 
we have the following isomorphism: 

n 

(2.4) H^{E, E; Z^) = Hi{F, F; Z2) Oz. Hn-^{0■, Z2). 

i=0 

Leray-Hirsch theorem uses two assumptions that are easily verified in our case. First, the 
relative homology Hi{F, F; Z2) has to be finite dimensional for all i. Second, a technical 
condition called cohomology extension of the fiber has to be satisfied. When E is (homo- 
topic to) an open neighborhood of the zero section of a vector bundle and E is E minus the 
zero section, then the cohomology extension of the fiber exists always when the coefficient 
field is Z2. From (2.3) and (2.4) we compute easily: 

^)k{0; 1.2) = Hk [Al^ n [/, {Al^ nU)\0; Z2) 

k 

^ ^Hi{Al^ n ^xo, {Al, n \ {xoh Z2) Hk-i{0; Z2) 

i=0 

k 

- Hi{Al^ n S, {Al^ n S) \ {aro}; Z2) Hk-i{0; Z2) 

= H^{Al^ n 5, (Al^ n S) \ {xo}; Z2) H^-^^iO; Z2) ^ Z2). 
This concludes the proof. □ 

2.7. Equivariant constrained bifurcation. In the variational setup (Al) — (A5), let us 
now assume that we have a path of constrained critical orbits, as follows: 



Z2 , if k = fj,; 
0, if fc ^ /X. 
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(Bl) [a, 6] 9 r i-^- Ar e R is a map of class C^, with derivative A^ > for all r; 

(B2) [a, 6] 9 r 1-^ G 2Jl is a map of class C^, and Xr is a critical point of Ar = Ax^ 
for all r. 

The assumption A^ > in (Bl) implies that the image of the map A is an interval [c, d\, 
and that there exists the inverse function [c, d\ B X i-^ rx £ [a,b]. 

We say that an instant f G [a, b] is an constrained critical orbit bifurcation instant if 
there exists a sequence r„ tending to f, and a sequence Xn €: ^JJl tending to tends 
to infinity, such that: 

• dAx^^ixn) = 0; 

• Xn^ 0{Xr^,G), 

for all n G IN. In other words, f is a constrained critical orbit bifurcation instant if arbitrar- 
ily close to 0{xf, G) one can find other constrained critical orbits that do not belong to the 
given path of constrained critical orbits. 

Under suitable assumptions, degeneracy is a necessary condition for bifurcation. This 
is obtained by refining the result of Lemma 2.1, as follows: 

Proposition 2.4. Consider the variational setup (Al ) — (A5), and (Bl ), (B2). Let f G ]a,b[ 
be fixed; assume that 0{xf, G) is a nondegenerate critical orbit of Ax^ and that (HF-A) 
holds around every point of 0{xr, G). If: 

(CI) the (connected component of the identity of the) isotropy group Gx^ is constant 
for r near f; 

(C2) the curve r Xr is not tangent to 0{xf, G) at Xf. 
Then: 

(a) for £ > small enough, the set 

Oe= U {Xr}^0{Xr,G) 

is a C^-submanifold o/R x SDT of dimension d+1, where d = dim(G/ Gx^); 

(b) for (A, x) near (Af , 0{xf, G)), x is a critical point of Ax if and only if (A, x) G 

In particular, constrained critical orbit bifurcation does not occur at f. 

Proof. By equivariance, it suffices to study the problem in the neighborhood W of (Af , Xr) 
where the thesis of Lemma 2.1 holds. The set n is contained in the (d + 1)- 
dimensional C^-submanifold V consisting of pseudo-critical points, whose existence in 
proven in Lemma 2.1. Moreover, DW is foliated by the sets 0(xr^, G) fl W, for 
A G ] Af_e, Xf+sl, that are submanifolds of dimension d of R x OJt by (A5) and (CI), and it 
contains the curve A Xr^ which not tangent to the orbit O (xf , G) by (C2). The fohation 
A ^ 0{xr^ , G) is continuous, by (CI) and the fact the action of G on 3Jt is continuous. 
It follows that Oe C\W = V r\ ( ]Ar_., Xf+el x 9Jl) for e > small enough, and the 
conclusion follows immediately from Lemma 2.1. □ 

Remark 2.5. When 9Jl is a Banach space and the action of G is by hnear isomorphisms of 
OJt, the result can be proven using a G-equivariant version of the infinite dimensional Im- 
plicit Function Theorem, as proved for instance in [14, 15, 37], replacing assumption (CI) 
with an the algebraic assumption that the isotropic representation of Gx^ on Tx^O(xf, G) 
should not have non zero fixed point. This is also equivalent to the fact that the stabiUzer 
Gxf has the same dimension of its normalizer in G. 

Proposition 2.6. Consider the variational setup (Al) — (AS), and (Bl), (Bl). Let I C 
[a, b] be an interval such that, for all r € I, 0{xr, G) is nondegenerate, the critical orbit 
0{xr, G) has constant dimension, and such that(HF-B) holds around every Xr- Then, the 
strong Morse index iyioise {(^{xr , G)) is constant on I. 
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Proof. The integer valued functions index and index plus nullity are respectively lower 
and upper semi-continuous in the space of essentially positive Fredholm operators on a 
Hilbert space (see for instance [24, Corollary 2.8]). Our assumptions imply that the nullity 
of the second variation of the functionals is constant on I. Thus, the index function 
^Morse {^{^r , G)) is both lowcr and upper semi-continuous on 7, hence constant. □ 

Degeneracy is only a necessary condition for orbit bifurcation. In order to guarantee 
bifurcation a sufficient condition is that the degeneracy occurs at an instant f where the 
critical groups of the orbit 0{xf, G) have a discontinuity. Under assumptions (CI) and 
(C2), such discontinuity occurs at the instants where the strong Morse index has a jump. 
There are several results available for equivariant bifurcation, but they don't quite fit into 
our framework; for instance, in [43] it is studied equivariant bifurcation from a branch of 
isolated critical points, i.e., from critical orbits consisting of just one point. In view to 
our application, in which some global regularity assumptions will be dropped, it will be 
convenient to give a proof using a non smooth approach. 

Theorem 2.7. Consider the variational setup (Al) — (A5), and (Bl), (B2); for r € [a, b] 
set: 

Let f G ]a, b[ be a given instant, and assume the following: 

• axiom ( HF-A ) holds at all points ofO{xf,G); 

• axiom (HF-B) holds in a neighborhood ofO{xf, G); 

• assumptions (CI) and (C2) hold; 

(Dl) for r the critical orbit 0{xr, G) is nondegenerate; 

(D2) for £ > small, Hr-e 7^ Mr+e- 

Then, f is a constrained critical orbit bifurcation instant 

Proof. Note that, by Proposition 2.6, Hr is constant on the left and on the right of f, and 
thus assumption (D2) does not depend on the choice of e small enough. By Proposition 2.2, 
for r near f the functional satisfies the Palais-Smale condition on a closed neighbor- 
hood of the orbit 0{xf, G). Moreover, the assumption (D2) on the jump of the Morse 
index and the fact that, by (CI), the critical orbits Or = 0{xr. G), have the same dimen- 
sion d (in fact, they are all diffeomorphic if the whole isotropy group G^^ is constant near 
f), we have that the sequence of critical groups ij* (Or, ^2) has a jump at r = f. Namely, 
set /i± = /if±e, and assume fi+ > fi-. Then, using Proposition 2.3, for £ > small 
enough we have: 

(2.5) [Or+e, Z2) = Hd{Or+e, ^2) = ^2, 

while 

(2.6) i3d+M+ [Of-e, ^2) = (Of-e, Z2) = {0}. 

Similarly, if < then (Or+e, ^2) = while ijd+M- (Cf-e, ^2) = ^2. 

Set \ ~ \f and let e' be such that [A — e' ,\ + e'] C [Ap_e, A^+e]. An equivariant 
version' of the stability result for critical groups given in [13, Theorem 5.2] says that, 
when the local Palais-Smale condition holds in some closed neighborhood W of Of, if the 
following two assumptions are satisfied: 

• the only critical orbit of A\ in W is O^a for AG [A — £', A -|- e'\, 

• the critical orbits Of-e and Of +£ are nondegenerate, 

then 

(2.7) iD* {Of-e, Z2) = ^* (a-+e, Z2) . 



A complete proof of a stability result for the critical groups in the case of critical submanifolds, that can be 
adapted to our situation, is found in the unpubUshed work [16]. 
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Clearly, (2.7) is in contradiction with (2.5) and (2.6), which shows that, for every suffi- 
ciently small closed neighborhood of Or and every sufficiently small s' > 0, some Ax, 
with A € [A — e', A + e'], admits a critical orbit contained in W and distinct from Or^- 
This means that critical orbit bifurcation occurs at r = f. □ 

Observe that, by (2.2), assumption (D2) in Theorem 2.7 holds if the weak Morse index 
has a jump of at least two at f, i.e., if: 



> 2. 



Theorem 2.7 will in fact be used in the present paper under the slightly weaker assump- 
tion that the manifold dJl has only a local differentiable structure defined by an atlas of 
charts that are continuously compatible, and that the functions A and V are smooth in 
these local charts. The purely topological nature of the global aspects of the proof of The- 
orem 2.7, namely, the computation of the local Morse invariants (Proposition 2.3) and the 
stability result for critical groups, makes it clear that the result of Theorem 2.7 holds under 
these more general assumptions. 

3. The manifold of unparameterized embeddings 

We will now study in some details the geometry of the set of embeddings of class C'''", 
fc > 1, a e ]0, 1 [, of a given manifold M into N, modulo the group of diffeomorphisms of 
class (7*^'" of M. Roughly speaking, this is the set of submanifolds of class 0^'°^ ofN that 
are C'^'^-diffeomorphic to M. The corresponding smooth, i.e., C°° version of the above 
framework has been extensively studied (see [31, 32, 33]), and a nice Frechet differentiable 
structure has been described for this set. The theory of manifolds modeled on general 
locally convex topological vector spaces has been recently developed in detail in [27]. In 
view to applications in variational calculus, the Frechet structure of C°° embeddings is 
too weak, and it is desirable to have a geometry modeled on Banach spaces. A natural 
choice would be to consider embeddings of class C*^'", with k < oo. However, when 
lower regularity is assumed for the embeddings, subtle obstructions arise when attempting 
to define a global differentiable structure on the quotient space of embeddings modulo 
diffeomorphisms. Although for the purposes of the present paper only a local differentiable 
structure is needed, the question deserves a detailed discussion. 

3.1. Embeddings of class C*^'". Let us consider two compact smooth (i.e., C°°) mani- 
folds and A^", with m < n. For A; > 1 and a € ]0, 1[, the set C'''"(M, N), consisting 
of all maps x : M ^ N of class whose A;-th derivative is Holder continuous with 
Holder constant equal to a, has the structure of an infinite dimensional Banach manifold, 
modeled on the Banach space C*"'" (M, R"). 

Remark 3.1. The reader should observe that the spaces C*'" (M, R") are not separable, as 
pointed out in [48, § 1.5]. As a consequence, all the Banach spaces and manifolds in this 
paper will not be separable. For the theories where separability is an important issue, one 
possible way of circumventing the problem is to consider rather than the space C*^'", the 
closed subspace C'^'^+consisting of all C^'"-limits of functions of class C'^+^ . This space 
is separable with respect to the C'^'" -topology, and in fact it is second counatble. 

Classical references where the differentiable structure of C'^'"(M, N), or more gener- 
ally of spaces of C'^'"-sections of fiber bundles^ with compact base, has been described 
expUcitly are [34] using the notion of vector bundle neighborhood (VBN). When the 
base is non compact, restrictions on the space of sections are required in order to have 
a well defined Banach differentiable structure, see [36]. In order to get a better insight 
on our problem, let us recall that how a global differentiable structure on C^'°^ (M, N) 
is obtained, following the VBN approach of [34]. Given a Riemannian vector bundle E 



^functions from M to AT can be thought of as sections of the trivial fiber bundle M x N. 
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over M (i.e., a vector bundle endowed with a Riemannian structure on the fibers and a 
compatible connection), we will denote by r'^'"(i?) the Banach space of all sections of 
class (7'^'" of E. The essential property required for developing Palais' theory is the fact, 
proved in [34], that, given a compact manifold M, two Riemannian vector bundles Ei , E2 
over M, and a smooth vector bundle morphism ^ : Ei ^ E2, the composition operator 
r'^'"(i?i) 9 s 1-^ <I> o s e T'^'°'{E2) is a smooth map. The idea of vector bundle neigh- 
borhoods is that suitable small C'^'"-neighborhoods of a given map x : M ^ N of class 
C°° are parameterized by elements in neighborhoods of the zero section of the pull-back 
bundle x* (TN) over M. More precisely, once a Riemannian metric g with Levi-Civita 
connection V in iV is fixed, a local chart ^x,k,a of C'^'"(M, iV) around a given smooth 
function x is obtained by associating to each section u of class C'°'" of the vector bundle 
x*{TN) the map y : M ^ N defined by y{p) = cxp^^p-, (^u{p)), where exp is the ex- 
ponential map of V. The inverse of the map that associates to each u the corresponding y 
defines a local chart from an open neighborhood of the zero section of x* (TN) to an open 
neighborhood of x, that will be denoted by ^x,k,a- The transition maps for charts in this 
atlas are computed as follows. Given smooth maps xi,X2 : M ^ N, for i = 1, 2 con- 
sider the map EXP, : x*{TN) M x N defined by EXPi(p,v) = (p,exp^^(v)), 
V € Tx^(j))N . This gives a smooth diffeomorphism of an open subset containing the 
zero section of xliTN) onto an open neighborhood of the graph of Xi\ the composi- 
tion C = EXP^^ o EXPi is a smooth diffeomorphisms between two open neighborhood 
of the zero sections of the vector bundles x'{{TN) and X2{TN) that preserves the fibers. 
The transition map „ o <tx2,k,a is given by left-composition with the smooth map Q, 
and thus it is differentiable (compare with the situation described in Remark 3.3). More- 
over, when X varies in the set of smooth functions, the domain of these charts cover the 
entire C'''°'{M, N). Hence, the collection of all such charts defines a differentiable atlas 
on C'='"(M, N). Given a smooth map a; : M ^ iV, the tangent space T^C^^^iM, N) is 
identified, via the chart $x,fe,a. with the space of all sections of class C*^'" of the pull-back 
bundle x*(rAf). 

The subset Emb/c,a(M, TV) of C^^°'{M,N) consisting of all embeddings x : M ^ 
N is open, and thus it inherits a natural Banach manifold structure from C^'°'{M,N). 
One can consider the group DifFfc^(j(M), which is the group of all diffeomorphisms (j) '■ 
M ^ M oi class C'^'"; this is an open subset of Embfc^Q(M, N), and thus it inherits 
a natural differentiable structure. However, neither the group operation nor the inverse 
map o/DifFfe.Q(M) are differentiable. Namely, the left-composition map (f> 1-^ x o (j) 
on Difffc^Q(M) is of class only if x is of class (7''+^''^, with a < (3 < I (see [48, 
Appendix]). Similarly, the derivative of the map (j) 1— > involves the derivative of (f>, 
and thus this is not differentiable at those points cf) that are not of class C''~^^. 

3.2. The manifold of unparameterized embeddings. Two embeddings x,y : M N 
will be considered equivalent if there exists a C^-diffeomorphism cf) : M ^ M such 
that y = X o (j), i.e., if they are different parameterizations of the same submanifold of 
N diffeomorphic to M. If x and y are of class C^, then such diffeomorphism (j) will 
also be of class C^. For x e Embfc, c((M, N), we will denote by [x\k,a the class of all 
y e Embfe,c«(Af5 N) that are equivalent to x. 

Definition 3.2. The set of unparameterized embeddings of class C'^'" of M into N, de- 
noted by Embfe,a (M, N), is the set: 

Einbfe,c«(M,7V) = {[x]k,a ■ x e Embfe,c«(M, A/')}. 

Thus, Emb/j; ^(Af, N) can be thought as the set of all embedded submanifolds of class 
(jk,a ^ jjj^j ^j-g (7*:, "-diffeomorphic to M. We will now establish an infinite dimen- 
sional Banach topological structure on Embfc,a (M, N), and we will describe suitable local 
charts of this structure. 
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We will fix throughout an auxiliary Riemannian metric g on the target manifold N, and 
we will denote by exp the corresponding exponential map. Moreover, g induces a norm on 
every vector bundle obtained by functorial construction from TN (like pull-backs, normal 
bundles of embeddings into N, etc.), and we will think that the space of aU sections of 
class C*^'" of these bundles are given the corresponding Banach space structure obtained 
by taking the sup-norm of the first k derivatives plus the a-Holder semi-norm of the fc-th 
derivative. _ _ _ 

Let X : M ^ N bea smooth embedding; a local chart ^k,a,x ■ l^k,a,x 'Wk,a,x in 

Embfc,c«(-^; N), whereZYfc^ca; is an appropriate neighborhood of [x]k,a in Embfc,a(Af, -^)> 
y^k.a.x is an appropriate C'^'" -neighborhood of the zero section of the normal bundle of .t, 
is given as follows. There exists an open subset U of the normal bundle x-^ contain- 
ing the zero section of this bundle, and an open subset V of N containing the image 
x{M) such that the restriction of exp to U gives a diffeomorphism from U to V . The 
space T^'°'{x-^) of all sections of class C*^'" of the normal bundle x-^ is a Banach space, 
and the subset T'^'"{x-^; U) of r'^'"(a;-'-) consisting of all sections whose image is con- 
tained in U is open. A map ^k,a,x '■ T'''"{x-^;U) Emhk^aiM, N) is obtained by 
setting ^k,a,x{u) = [y]k,a, where y{p) = exp^(p) ("(p)) for all p € M. Clearly, y 
is an embedding of class C'^'" of M into N, since u is an embedding of class C'^'" of 
M into the normal bundle x-^, and exp is a diffeomorphism from U to V. It is easy 
to see that ^k,a,x is injective. In order to prove this, first observe that two embeddings 
Xi,X2 € Embk,a{M,N) are equivalent if and only if xi{M) = X2{M). Now, ob- 
serve that two distinct sections ui,U2 € r^'"(a;-'-; U) must have distinct images in U, 
and thus their composition with exp are also different in V. This proves that ^k,a,x is 

injective. The image of '^k,a.x is the projection onto Emb^ c((M, TV) of an open neigh- 
borhood of X in Embfe,c«(M, N). If y € EmbA;,a(M, TV) is near x, in particular it has 
image contained in U, thenexp"^ i^y{M)) is the image of a section « of x-^ of class C*^'"; 
then, '^k,a,x{u) = [y]k,a- Thus, the map ^ is a bijection from an open subset 'Wk,a,x 
of T^-'°'{x^) containing the zero section, to a subset Uk,a,x of Emb^. q,(M, N) given by 
the projection onto Embfe,a(-^) N) of an open neighborhood of x in Embfe,a(-^) N). Its 
inverse will be denoted by ^k,a,x, and the collection of such maps, as x varies in the set of 
all smooth embeddings of M into A'^ is taken as an atlas of charts for Emb^ q, (M, N). 

We note however that there is no differentiable compatibility between two charts in this 
atlas, i.e., the transition maps are in general not differentiable, but only continuous. Let us 
compute a transition map. Denote by xi, X2 : M N two smooth embeddings such that 
the classes [xij^^ and [a;2]fe.a belong to the intersection of the domains Z^fe. a ai^nZ^fe. a. of 
the charts ^k,a,xi and ^k,a,x2- Denote by exp^, exp2 the exponential map of g restricted 
to the normal bundles x-^ and X2 respectively, that are diffeomorphisms between open 
subsets containing the zero section and tubular neighborhoods of the images xi [M] and 
X2{M) respectively. Thus, there are open subsets Ui C xf- containing the zero section 
such that the map C, '■ U\ ^ U2 given by C = exp2 ^ o exp^ is a smooth diffeomorphism. 
Let u e Wfe,a,xi n Wk,a,x2 be fixed and set u' = ^k,a,x2 {^kX^i • 

Remark 3.3. The key observation here is that, in spite of the fact that the section u' of the 
normal bundle X2 has the same image of the map C o w, the latter is not a section of X2 ■ 
This depends on the fact that the diffeomorphism ^ is not a vector bundle morphism as in 
the case of the charts of Embfc,a(-^, N) (see Subsection 3.1), i.e., it does not take fibers of 
Xi into fibres of X2- In order to obtain the section u', an adjustment needs to be done in 
the domain of ( ou, which is obtained by composition on the right with a diffeomorphism 
of the base M that depends on u; it is precisely such adjustment that causes the loss of 
differentiability of the transition maps. 
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The following formula holds: 

u' = C,o uo , 
where : M ^ M is the diffeomorphism: 

hu = 1^2 o C ° 

7T2 ■ E2 ^ M being the projection of the vector bundle E2 over the base manifold M. 
Now, the maps u 1-^ C, o u and u /i„ are C°°, but the function h hr^ is not 
differentiable in Difffe_a(Af) where h is only of class C'^'", as well as the function of 
composing on the left with (^o u, when u is only of class C'''". Thus, the map u ^ u' is 
continuous, but not differentiable. 

We can then define a unique topology on Embfc,Q(A'/, N) whose basis is the collection 
of the domains Uk,a,x of the charts ^k,a,x, as x varies in the set of smooth embeddings 
of M into N, and by requiring that each ^k,a,x is a homeomorphism onto its image. It 
is easy to see^ that this topology is exactly the quotient topology induced by the canonical 
quotient map tt : Embfc,„(M, N) Embfc,Q(M, N). 

The reader should observe that the charts ^x,k,a in Embft,a(-M) and ^x,k,a in 
Embfc^Q {M, N) look very much aUke. The only difference is that ^x,k,a takes values in the 
space of sections of the normal bundle x^, while ^x.k,a takes values in the spaces of sec- 
tions of X* {TM). If we identify"* x^ with a subbundle of x* {TN), then this suggests that, 
roughly speaking, "locally Embfe,a(-^, N) is a smooth submanifold of Emb^, ct(M, iV)". 
Let us state this in a more precise way: 

Proposition 3.4. For x varying in the set of smooth embeddings ofM into N, the family 
I (^x,fe,aj ^cc./c.q) I is an atlas of charts of Emhk,a{M, N), whose domains form an 

open cover o/Embfe_a (Af , TV), and that makes Emb^^Q, [M, N) into an infinite dimensional 
topological manifold modeled on the Banach space C^'°' (M, R"^™). 

The canonical projection n : Embfe^^ {M, N) Emb^^Q, (A'/, N) is a quotient map. 

For a given smooth embedding x : M ^ N, by identifying the normal bundle x^ with a 
subbundle of the pull-back x* {TN), then the local chart ^x.k.a o/Emb/j.„ (Af , N) around 
X and the local chart Emb^ ,j(Af, N) around [x\k,a allow an identification of the neigh- 
borhood U{x, k, a) of [x]k,a with the smooth submanifold ofEmbk,a{M, N) consisting 
of those C'^'" -embeddings in the domain of the chart <^x,k,a for which ^x,k,a takes values 
in the space of sections of the normal bundle x^. □ 

The local identification of Emb^ „ (Af, N) with submanifolds of Embfe^a [M, N) is par- 
ticularly useful for studying smooth maps. 

Corollary 3.5. Let 3 be an arbitrary manifold and f : Embfc^Q,(A'/, iV) ^ ^ be a 
smooth function such that f{x) = f{y) for all pairs of equivalent embeddings x,y £ 
Embfc,c«(-^; N). Then, given any local chart {U{x, k, a), ^x,k,a) ofF,mhk,a{M, N), the 
composition f^^k.a = f ° ^xJc,a ■ ^x.k,a{Ux,k,a) ^ 3 is smooth. 

If 5 = II, then u = '^x,k,<x{[y\k,a) is a critical point of fx, k, a if andonly ify is a critical 
point of f. 

Proof. The map fx,k,a is the restriction to the subspace of C*^'"-sections of the normal 
bundle x-^ of the smooth function fx,k,a = f ° ^x\ a' ^^^^ fx,k,a is smooth. For 

^Consider the restriction of tt to the inverse image Ti~^iplk,a,x) of the domain of some chart. Then, such 
restriction is continuous, open (because it admits continuous local sections with arbitrarily prescribed values at a 
given point), and surjective, hence it is a quotient map. 

"'We will identify the pull-back bundle x* {TN) with the Whimey sum Ax[TM) e x-^. 
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u & $a;,fc,a(Wx,fe,a). the tangent space at u of the space of C'^'^-sections of the bundle 
X* (TN) is identified with the space of sections of some vector subbundle E of x* (TN) 
complementary to dx{TM) (if u 7^ 0, then E will not necessarily be the normal bundle 
x^). The invariance property of / says that dfx^k.a vanishes on sections of the bundle 
dx{TM), from which it follows easily that u = ^x,k,a{[y]k,a) is a critical point of fx,k,a 
if and only if y is a critical point of /. □ 

Remark 3.6. Note that the result of Corollary 3.5 says in particular that, for a smooth 
function / on Embfe,Q:(Af, A^) which is invariant by diffeomorphisms of M, one has a 

well defined notion of "critical point of / in Emb^, a(M, N)". We will say that [y]k,a is 
a critical point of / in Embfe^Q (M, A^) if given x : M ^ N smooth embedding such that 
[y]k,a belongs to the domain Uk^a,x of the chart ^k,a,x, then ^k,a,x{[y\k,a) is a critical 
point of the smooth function /o ^. Corollary 3.5 says that this notion does not depend 
on the choice of the chart around [y\k,a\of course, this conclusion could not be drawn using 
a change of charts argument. 

When [x\k,a is the class of a smooth embedding x : M ^ N, then for all questions 
of differentiability at [x]^ q, a it will be convenient to use the chart $fc,a,x> centered at the 
point X. The tangent space at [x]k,a is described in next: 

Lemma 3.7. Let x : M ^ N be a smooth embedding. The tangent space at the 
point [x\k,a to Embfc^a(M, N) is identified, via the chart ^k,a,x with the Banach space 
r'^'"(x^) of all 0^'°" -sections of the normal bundle x^. Ifr 1-^ Xr E Fimhk,a{M,N) 
is a C^-curve with Xr„ = x and 37 |,._,.jj2^r = V E r'^'"(x*(r-/V)) then r ^ = 
^k,a,x{[xr]k,a) is of class C\ and g^|^^^^7r- = V^E r'='"(a;-^), where V^(p) is the 
orthogonal projection ofV{p) onto the orthogonal space x^{p), p E M. 

Proof. The domain of ^k.a,x is mapped by ^k.a.x to an open neighborhood of the zero 
section of r'^'"(a:-'^). The tangent space is therefore identified with the Banach space 
itself. Since r 1-^ is C^, then r 1-^ rjr = ^k.a,x{xr) is C^; now, 7^ = P^{rir), where 
p± . T^,o^[x*{TN)) r'='"(a;-L) is the bounded linear map defined by P-L(W^) = W^. 
Thus, 7r is of class C^, and its derivative at ro is given by P{V) = V-^. □ 

Proposition 3.8. Let f : Embk,a{M,N) — > ^ be a smooth function invariant by dif- 
feomorphisms of M, and assume that x : M ^ N is a smooth embedding such that 
[x\k,a is a critical point of f in Embfe,c«(-M; (in the sense of Remark 3.6). Then, the 
second variation d^(/ o ^^tJ^ ^) (0) coincides with the restriction of the second variation 
(/ o ^) (0) to the space of C'''" -sections of the normal bundle x-^. 

Proof It follows inmiediately from the fact that, using the local charts '^k,a,x and ^k,a,x 
centered at x, then Embfc^Q, (M, N) (= sections of the normal bundle x^) is identified with 
a linear subspace of Embfe,a {M, N) (= sections of the puU-back bundle x* {TN)). □ 

Remark 3.9. One may wonder whether the set Embfe.„(Af, N) admits some other natural 
atlas of charts that are pairwise differentiably compatible, and that make it into a true Ba- 
nach differentiable manifold. The existence of such a differentiable structure fails if one 
requires the natural property that the quotient map tt : Embfe.„ ( Af, N) Embfe^a {M^ N) 
be a smooth submersion. Namely, if such a differentiable structure existed, then the in- 
verse image by this projection of points of Emb^ c((Af, N), i.e., the orbits of the diffeo- 
morphism group of M in F,mhk,a{M, N), would be embedded smooth submanifolds of 
Emhk,a{M, N). But as we have observed, the orbits of embeddings x that are only of 
class C'^'" are not submanifolds, as they have the same regularity of the left-composition 
function (j) 1-^ x o (p. 
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3.3. Action of the isometry group. Let us now consider the action of the (connected 
component of the identity of the) isometry group G = lso{N, g) of the Riemannian man- 
ifold {N, g) on the manifold Embfe^^ (M, N) given by composition on the left, and the 

corresponding action on Embfe,a (M, N). It is well known (see for instance [26]) that G is 
a compact Lie group. 

Proposition 3.10. The following regularity properties hold for the action oflso{N, g). 

(1) The action oflso{N, g) on Embfe, a(M, N) by smooth diffeomorphisms. 

(2) The corresponding action on Embfe^a (M, N) is by homeomorphisms. 

(3) Ifx-.M^Nisa smooth embedding, then the map 

: Iso{N,g) EiSbfc,„ (M, AT) 

defined by = V' • [x]k,a smooth injective immersion on a neighborhood 

of the identity (when represented in any of the local charts described in Subsec- 
tion 3.2). 

(4) The local charts ofEmbk^a{M, N) described in Subsection 3.2, restricted to the 
orbit Iso{N, g) • [x]k.a of a smooth embedding x : M ^ N are differentiably 
compatible, and they define a differentiable structure on the orbit of [x\k_a in 
Embfc_Q,(-M> -^)- The action oflso{N, g) on this orbit is smooth, and this orbit 
is dijfeomorphic to the quotient lso{N, g) /Hx, where is the isotropy group of 

Proof. Isometrics of (iV, g) are smooth. Part (1) follows from the fact that left-composition 
with smooth maps is smooth on Embfe,a(M, N) (see [34]); the inverse of left-composition 

by V' is left-composition by V'""^- As to the map Embfc,Q(M, N) 3 [y]k,a ^-^ [ip o y]k,a G 
Embfc,„(^) -^)> this is smooth, but not continuous. Namely, given the C^^'^-section u = 
^x.k.aiy) of x-^, then the map cxp^^ o(/; o cxp{u) is a map of class (7*='" between open 
subsets of x-^, but it is not a section. Thus, when representing the composition [tp o y]k,a 
in local charts, a right composition with a diffeomorphism is needed, which as observed 
in Subsection 3.2 is not smooth, but only continuous. This proves part (2). For part (3), 
observe that the composition of l3x and the local charts ^k,a,y applied to ip involves only 
compositions of ip with smooth diffeomorphism, and it is therefore a smooth injective 
innmersion of (an open neighborhood of the identity in) Iso(A^, g). To prove part (4), 
observe that, by (3), the intersection of the orbit liio{N,g) ■ [x]k^a with the domain of a 
chart ^k,a.y is an immersed submanifold. Since the orbit of a smooth embedding consists 
only of classes of smooth embeddings, then the transition functions restrict to smooth maps 
at every point of the orbit. Smoothness of the action on this orbit also follows easily. □ 

It is an easy observation that, for all x € Embk,a{M, N), the stabilizer of [x]k,a in 
Iso(iV, g) is the subgroup consisting of all isometries tjj that preserve the image x{M), i.e., 
such that tp(^x{M)) = x{M). (In particular, such stabilizer does not depend on k). 

4. On the variational problem of CMC hypersurfaces 

Let us formalize the question of obtaining constant mean curvature hypersurfaces of a 

Riemannian manifold as critical points of the area functional restricted to volume preserv- 
ing variations, in the spirit of [6]. Let {N, g) be a connected Riemannian manifold, and let 
M be a connected compact differentiable manifold with dim(A'') = dim(M) -|- 1. We will 
assume for simplicity that M and N are oriented, although the entire theory can be devel- 
oped also in the non orientable case. Let volg denote the volume form on N associated to 
the metric g. 
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4. 1 . The area functional. Given an embedding x : M ^ N, one can define the area 
A{x) of X as the volume of M relatively to the volume form x* (volg), which is the pull- 
back of volg by x: 



Jm 

If an auxihary Riemannian metric h is fixed on M, then ^(a;) can be written more expUc- 
itly as: 



where dx{p)* is the adjoint of the linear map dx{p) : TpM T^(^p-jN, adjoint taken 
relatively to the scalar products hp on TpM and gx(p) on T^(^p-^N. Note that A can be 
seen as a functional on the manifold Embfe_a(M, iV), and it is invariant by the group 
of diffeomorphisms of M; thus, A gives a well defined functional on the quotient space 
Embfe,c« (M, N), still denoted by A with a shght abuse of notations. Using the local charts 

of Emhk^a{M, N) described above, >l is a smooth function in the neighborhood of every 
smooth embedding. More precisely: 

Proposition 4.1. Let x be a C°° embedding of M into N; let {Uk,a,x,^k,a,x) be the 
local chart ofEivabk^aiM, N) around [T]k,a described in Subsection 3.2. Then, the map 
Ak,a,x = Ao ^jT^ ^ : ^k,a,xiplk,a,x) ^ IR"'' IS sMooth, and u is a critical point of this 

functional if and only if class [y]k,a G Uk,a,x C Embfc^c>(M, A'') of a 

minimal embedding y : M N. 

Proof. First, note that the functional A is smooth on Emhk.a {M, N). Namely, in the local 
charts described in Subsection 3. 1, is given by the composition of a nonhnear first order 
differential operator defined on C^'"-sections of x* {TN) with the linear map 



Second, observe that A is invariant by diffeomorphisms of M, i.e., the area of an embed- 
ding does not depend on its parametrization. Smoothness of Ak,a,x follows now easily 
from Corollary 3.5. The critical points of Ak, a, x are smooth by standard elliptic regular- 
ity results. Now, we use the observation in Remark 3.6 and consider only the criticality 
of the center x of the coordinate system (this gives a link between our abstract functional 
framework and the standard literature in minimal submanifold theory, where one considers 
"normal variations" of an embedding x. In our setup, this amounts to considering charts 
centered at x, see Proposition 4.3). It is well known (see for instance [28]) that is a 
critical point of Ak,a,x if and only if a; is a minimal embedding. □ 

4.2. Volume of a region with boundary x(M). Let us now look at the variational prob- 
lem of constant mean curvature embeddings. Before we go into the general case, let us first 
discuss an instructive problem of estabhshing when a given embedding x : M ^ N has 
image which is the boundary of an open subset of N. Equivalently, denoting by Mq C N 
the image x{M), we want to know when the open set N \ Mq has two connected compo- 
nents. First, observe that a necessary condition for this is that Mq is transversally oriented 
in N, i.e., the normal bundle TMq must be orientable. Thus, let us assume that Mq is 
transversally oriented. 

The number of connected components is the rank of the free abelian group Hq {N \ Mq) 
plus 1, where Hq denotes the reduced singular homology group. The long exact reduced 
homology sequence of the pair {N, N \ Mq) gives: 




(4.1) 





(4.2) Hi (AT) -^Hi{N,N\Mo)^Ho{N\Mo)^ Ho {N) = 0. 
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Since Mq is closed in TV, we can use excision and replace N with a tubular neighborhood 
of Mo in the term Hi (TV, N\ Mq); it follows that Hi {N, N\ Mq) is the same as the relative 
homology Hi (TM^ , TMfj- \ 0), where TM^j- is the normal bundle of Mq and is its zero 
section. The calculation of homology of vector bundles is well known, see for instance 
[44]; since Mq is transversally oriented, i.e., the vector bundle TMq- is orientable, then 
Hi{TM^, TM^ \ 0) is isomorphic to Ho{Mo) ^ Z. Thus, we have an exact sequence: 

Hi{N) — ^ Z — > Ho{N \ Mo) — > 0. 

A generator of the group X above is a curve in N that intercepts once and transversally 
Mq. Since Ho{N \ Mq) is free, the only options for the image of the map Hi{N) Z 
are that this image is either all Z or zero. When this image is Z, then N \ Mq is connected; 
when the image is zero, then A'' \ Mq has two connected components. Thus, we have the 
following: 

Lemma 4.2. Let M and N be compact connected manifolds, with dim( ) = dim(M) + 1. 
Then, the set: 

Embj.^„(M, 7V) = |[a:;]fe^Q, e Emb^, Q(Af, A^) : N\x{M) has two connected component^ 
is open in Embfe_(3,(M, N). 

Proof. The openness of Emb^ ^ {M, N) in Embfe^a {M, N) follows readily from the dis- 
cussion above, observing that the orientability of the normal bundle of an embedding 

a; : M ^ A'^ is stable by -perturbations, while the homology class of x is stable by 

C"-perturbations. Then, also Embj. ^{M, N) is open in Embfc, a(M, A''), because tt is a 
quotient map and tt"^ (Embi(M, A^)) = Emb°(M, A^). □ 

If X : M ^ A^ is a transversally oriented C^-embedding, thus [x]k.a G Embj, ^{M,N), 
then one can write N\x{M) = fi;^ IJ il^ as the disjoint union of two non empty connected 
open subsets of N. Using an orientation of the normal bundle x-^ that depends continu- 
ously by -perturbations of x, one can define a continuous functions and in the 
connected component of x in Emb]^(M, A^), by setting: 

V\x) = volume(Jl^) = / volg, i = 1,2. 
Jni 

Clearly, V'^{x) = vol{N) - V^{x). 

4.3. A generalized volume functional. Now, we observe that can write an alternative 

expression for the volume function without an explicit reference to the set il].. Let us 
now assume that M and A^ are oriented; then, one has a canonical choice of a transverse 
orientation of x{M). Let f/ be an open subset N that contains x{M), and such that^ 
U ^ N; for instance, U can be taken to be a small tubular neighborhood of x{M). Then, 
the volume form volg, which is closed, must be exact when restricted to U, because non 
compact manifolds have vanishing de Rham cohomology in the highest dimension. This 
means that there exists an (n — l)-form r]u on U such that 6.r]u = volg on U. Then, one 
can define: 

V{x) = [ x*{vuy, 

such a function is immediately seen to be independent of the choice of the primitive rju.By 
Stokes theorem, if x{M) is the boundary of an open subset il of A^, then V{x) coincides 
with the volume of O or of A''\0 (depending on the orientation of M), and thus the function 
V is a natural extension of the functions and when no assumption is made on the 

^Note that, by Sard theorem, since dim(M) < dim(A'') and x is of class C^, then x{M) ^ N. Thus, one 
can take U = N \ {p}, where p is any point of N that does not belong to x{M). 
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number of connected components of N\ x{M). Note however that, when A'^ \ x{M) has 
only one connected component, the value of the functional V does indeed depend on the 
choice of the open subset U of N that contains x{M). It can be observed also that V is 
invariant by right-composition with diffeomorphisms of M, so that it gives a well defined 
function on a neighborhood of [x]k,a in Embfe^a {M,N). We need a reformulation of some 
standard results of CMC embeddings (see [6]) in our abstract variational context: 

Proposition 4.3. Let x : M ^ N be a tmnsversally oriented smooth embedding, and let 
U and rj be as above; consider the local chart ^k,a,x ofi^mhk,a{M, N) having domain 
hlx,x- We will assume here that k > 2. 

(a) The (locally defined) function Vk,a,x = V o ^ on ^k,a,x(i^x,x^ is smooth, 
and it has no critical points. 

(b) The critical points of the fiinction Ak,a,x = Ao ^ subject to the constraint 

Vk,a,x = const, are smooth sections u ofx^ such that ^k,a,x{u) is the class [y]k,a 
of a smooth embedding y : M ^ N having constant mean curvature. 

(c) // [ x\k,a is a critical point of Ak,a,x — Ao ^i.]^^ subject to the constraint 
Vk,a,x = const., then its Lagrange multiplier is equal to m ■ H^, where is 
the (constant) mean curvature of x. 

(d) If [x]k,a is a critical point of Ak,a,x subject to the constraint Vk,a,x = const., 
then identifying^ r*''"(x-'-) with C'^'"{M,B.), the space of C'^'" -functions on M, 
the second variation cl^Ak.a.xix) at the point x is the symmetric bilinear form on 

^jyj^ j^-j corresponding to the quadratic form: 



where A is the Laplacian on functions on M relative to the induced metric x* (g), 
RicAr(nj.) is the Ricci curvature of N in the direction fix, which is the positively 
oriented unit normal field of the second fundamental form of x in the 

direction fix, || • || is the Hilbert-Schmidt norm of an operator defined by g, and 
volx is the volume form of the metric x*{g). 

Proof. The smoothness of V follows by the same argument used in the proof of the smooth- 
ness of A in Proposition 4.1: V is smooth map on Emhk,a{M, N) invariant by diffeomor- 
phisms of M, as it is in local charts the composition of a nonlinear first order differential 
operator in the space of C'^ "-sections of x*{TN) and the linear map given by integra- 
tion on M. All the remaining statements are obtained directly from [6], observing that the 
functions Ak,a,x and Vk,a,x correspond to the functions A and V in [6]7 The differential 
of Vk,a.x at X is identified with the linear map C'^'"(M, R) 9 / /^^ / vol,;, which is 
not identically zero; thus, x is not a critical point of Vk,a,x, and by Corollary 3.5 it follows 
that Vk,a,x has no critical points, proving (a). Parts (b) and (c) follow by similar arguments 
from [6, Proposition 2.3] or [5, Proposition 2.7]. Part (d) is [6, Proposition 2.5]. □ 



^Let rix be positively orient unit normal field of the embedding x. An identification of r'°'™(x-^) and 
C'='"(M, R) is given by C'='"(AA IR) 9 / ^ f ■ € r>''°'(x-^). 

^In the language of [6], the volume function denoted by V is associated to variations of x, i.e., to smooth 
maps X : ] —s, £[ x M — ► iV, such that for all t 6 ] —s, £[, the map Xt := X{t, •) : M -+ AT is an immersion, 
and such that Xq = x. Note that, since a; is an embedding, for t near also Xt is an embedding. Associated to 
such a variation of x, it is defined in [6] the function V{t) = /jy X*(volg), for t e ]—e, £[. Now, using 
Stoke's Theorem: 




V{t) = f X*{dr,) = f 

J\0,t]xM J\0 



[0,t]xM 



[0,t]xM 
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Let us now look at the Fredholmness issues for the CMC variational problem. Given a 
constant mean curvature embedding a; : M — > A/', let J : C*''"(a;-'-) — > C'^~^'"(a;^) be the 
differential operator: 

(4.3) Jf = -A/ - (mRic;v(n,) + \\S,f) f. 

From part (d) of Proposition 4.3, the second variation of the functional Ak,a,x + ^xVk,a,x 
is the symmetric bilinear form on C'^'" (x^) given by: 

(4.4) B.(/i,/2)= / (J/i) • /2 vol,. 

Jm 

Proposition 4.4. The following statements hold: 

(a) For a// fc > 2, the functional Ak,a,x + ^xVk,a,x satisfies the assumption (HF-A) 

in a neighborhood of [x]k,a in Embfe,„(Af. N); 

(b) the functional Ak,a,x + ^xVk,a,x satisfies the assumption (HF-B) in a neighbor- 
hood of [x]2 in Emb2,a {M, N). 

Proof Part (a) is well known,^ see for instance [42, Section 2], [48, §1.4], [49, Theo- 
rem 1.2 and § 7]. The gradient map H is defined in an open set of the Banach space 
X = C'='"(M, R) and takes values in the Banach space Y = C^-'^'°'{M, R). The Hilbert 
space H is the Lebesgue space of square integrable functions on M relatively to the met- 
ric defined by vol. An explicit formula for the map H is irrelevant here; it is given by a 
quasi-linear second order elliptic differential operator, see [48, 49] for details. 

For part (b), consider the embedding C2'"(M, R) H^{M, R), where denotes 
the Sobolev space given by the Hilbert space completion of C^'"(M, R) with respect to 
the pre-Hilbert space inner product 

(/l, /2)hi = / [/1/2 + V/l • V/2] vol, 
JM 

(gradients and iimer products are relative to the Riemannian metric x*{g) on M). The 
symmetric bilinear form = [^2, a. 3; + ^x'V2.a.x'\ [x) has a bounded extension to a 
symmetric bilinear form on JJ^(M, R), which is represented by an essentially positive 
self-adjoint operator on (M, R). Namely, partial integration in (4.4) gives; 

(4.5) /2) = / V/i • V/2 - (mRicjv(n,) + ||5,f ) /i /2 vol, 

= {h,h)H^ - / (mRicjv(nx) + WSa^W^ + l) /i /2 vol,, 
Jm 

from which it follows that has a bounded extension to H^. Now, such extension is 
represented by the operator \-\- K, where I is the identity, and: 

{Kfuf2)m = - [ (mRicivCn,) + ||5,f + l) /i /2 vol,. 

Jm 

The bilinear form on the right-hand side of this equality is continuous with respect to 
the L^-topology, and this impUes that X is a compact operator, because the inclusion 
^ is compact. Hence, S = 1 + K is essentially positive. 
A function / e H^{M, R) is an eigenfunction of S if and only if it is a weak solution 
of the linear elliptic equation Jf = /x/ for some e R. By standard elhptic regularity 
(see for instance [21, Chapter 8]), every such / is of class C°°, and thus all the eigenspaces 
of S are contained in T[,]2^Emb2,a(-M, This concludes the proof. □ 



The proof of the Fredholmness of the derivative of the gradient map H in Axiom (HF-A), which uses the fact 
that J is a strongly elhptic operator and a Schauder's estimate, holds in the spaces of functions with regularity 
C^." as well as in the spaces C*'™+, see Remark 3.1. 
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5. Constant mean curvature Clifford tori in the sphere 

We will now finalize the proof of our main theorem, by applying the abstract results 
discussed in the first part of the paper. Let < j < m be fixed integers, and let us look 
at the case of CMC embeddings of the product of sphere M = S' x into the sphere 
N = S^+i endowed with the round metric g. 

The Banach manifold 971 is (an open subset of) Emb2.a(M, TV), here a is any real 
number in ]0, 1 [. Consider the group G = SO(to + 2), which is the connected component 
of the identity of 0(m + 2) = Iso(A^, g), acting by left-composition on 971. For a given 
X G Emb2,a (M, N), the stabilizer Gx is given by the the set of isometrics ip G SO(to + 1) 
that preserve the subset x{M), i.e., such that tp(x{M)) = x{M). 

Consider the path ]0,1[ ^ r ^ [a^^'^La ^ Emb2,a (M, iV) of CMC CUfford tori 
defined in (1.1). If g denotes the round metric of radius 1 on the sphere the pull- 

back (a;™'-' ) ((?) is the product metric on S-' x which is the round metric of radius 

r on the factor and the round metric of radius \/l — on the factor S™~^ . We will 
denote this Riemannian manifold by S-' (r) x S"*"-? — r'^) ■ 

Proposition 5.1. The connected component of the identity of the subgroup ofSO{m + 2) 
that stabilizes [x™'^] ^ ^ in Emb2,a(M, N) is SO(j -|- 1) x SO(m - j + 1) (embedded 
diagonally in SO(m + 2)j. 

Proof Such a connected component is compact, and it obviously contains the product 
SO(j + 1) X SO(m — J ■ + 1). On the other hand, it is not equal to SO(m + 2) if j and m — j 
are positive. But H = SO(j + 1) x SO(to — j + 1) is a maximal connected subgroup of 
SO(m + 2) (see for instance [17]), and thus it must be equal to the connected component 
of the identity of the stabiUzer of [x™'^] □ 

Corollary 5.2. The SO(m + 2)-orbit of the class [.x;"^] ^ „ in E^Sb2,a(S^' x §"-^ §") 
is diffeomorphic the the Grassmannian of all (j + l)-dimensional oriented subspaces of 
R"*+^, whose dimension is equal to m + 1 + j{m — j). 

Proof. The orbit of [x^'^ ^a^^ diffeomorphic to the quotient 

S0(m + 2)/[S0(j + l) X SO(m-j + l)], 

whose dimension is ^{m + 2)(m + 1) — + 1) — ^{m — j){m — j + m + l + 
j{m - j). □ 

The path of CMC CUfford tori is never tangent to the the orbits: 

Proposition 5.3. Thecurver<—f [x^'^]^ is not tangent to the orbit S0{m + 2)[x™'^]^ 
for any value ofro. 

Proof Fkro and denote by P-^ : r'='«((a;™'J)*(TS™+i)) ^ r'='«((a;™'jy) theUnear 
map that carries a vector field V along .t™'^ to the normal field V-^ obtained by pointwise 
orthogonal projection onto the normal space of a;™ -' . By Lemma 3.7, the tangent space to 
the orbit of [x"^'^] ^ ^ is identified (via the local chart <I>2 ^ with the space: 

{p^(f)ox™/) :f)eso(m + 2)}, 

where so(m + 2) is the Lie algebra of SO(to + 2) (consisting of anti- symmetric matrices), 
while the tangent vector to the curve of CMC Clifford tori is: 
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where clearly: 



d 

dr 



ro 



The thesis is equivalent to proving that there exists no () G so{m + 2) such that the vector 
field: 



(5.1) 



h o x"'-' - — 



is everywhere tangent to the Clifford torus x™'^ . Writing: 

A B\ 
CI' 



where ^ is an anti- symmetric {j + l)x + matrix, S is a {j + 1) x (m — j + 1) matrix 
and C is an anti-symmetric (m — j + 1) x {m — j + 1) matrix, then (5.1) is everywhere 
tangent to the Chfford torus if and only if: 



□ 



clearly, such condition is not satisfied by any B, which proves the thesis 

Let us now study the nondegeneracy and the Morse index of the CMC Chfford tori. 
Consider the sequences (A(j))^>3 and (7((j!™));>3 defined by: 

(5.2) /3,(j) = (i-2)(i + i-l), ji{j,m) = {l-2){m-j + l-l). 

It is easy to see that they are strictly increasing, and that: 

lim = lim 7;(j,m) = +oo. 

Define two sequences {'r'T'^)i>s i^T'^)i>3 ^y- 
(5.3) 



m-j + f3i{j)' 



S, = 



J 



the sequence '■' is contained in 



j+2 -, 
m+2 ' 



it is strictly increasing, and lim 



ni.'i 



1, 



while s™'-' is contained in 



0' 7^ 



, it is strictly decreasing, and lim sT"-' = 0. 

i— >oo 



Proposition 5.4. The following statements hold: 

(a) the strong Morse index of [x™'-' ] ^ ^ is equal to the weak Morse index plus 1; 

(b) the SO(m + l)-critical orbits of [x™'^] ^ ^ is degenerate if and only if either r = 

jor some i > 6 or r ^ for some I > 6; 

(c) each degeneracy instant of the path of critical points ]0, 1[ 9 r i-^ [x^'-' j^ 
determines a jump of the Morse index. 

More precisely, at every degeneracy instant r™'-', the jump of the Morse index is in absolute 
value equal to: 



i-l 



i-2, 



while at every degeneracy instant sj"'"', the jump of the Morse index is in absolute value 
equal to: 

^m — j + 1— l\ fm — j + l — 3^ 



- 1 



-3 
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Proof. The proof is based on a direct analysis of the spectrum of the Jacobi operator J in 
(4.3), following [3J. The Ricci curvature of the sphere S™+^ is constant equal to 1; also the 
norm of the second fundamental form of the CMC Clifford embedding x^'^ is constant, 
and the following formula holds: 

T^. /-. X 11^ ii2 j rn — j 
m Ricjv {n^m,i ) + \\S^mA = 4 + 



^2 ^ 



Thus, the Jacobi operator takes the form: 



r>2 ^ 



where A^''""-' is the Laplacian of the Riemannian manifold S-' (r) x §™-J [^Jl — r^). 

Thus, the spectrum of J is given by the spectrum of — A-''"*"-' shifted by — + ; 

moreover, J and A^ have the same eigenfunctions. Degeneracy and strong Morse 
index of the critical point [.x™^-' ] ^ is studied by counting the number of zero and negative 

eigenvalues of J in the space of (smooth) real functions on x . The weak Morse 
index is given by the index of the restriction of the quadratic form (J/, /) ^,2 to the space 
of functions / on §^ x having vanishing integral. 

An eigenvalue of J has the form: 

(5.4) (Ti+Pi-f4 + T^ 



where fr, is an eigenvalue of the Laplacian A^ of the sphere (r) and pi is an eigenvalue 
of the Laplacian A^^JzL^ of the sphere S'"-^ (\/l - r^). Moreover, if and Mp are 

the multiplicity of the eigenvalues a and p respectively of A^! and of A ™"''^^ , then the 
multiplicity of (5.4) is given by ^ M„Mp, where the sum is taken over all eigenvalues a 
and p such that cr -\- p = ai + pi. 

The (Ti's and the p/'s form two strictly increasing unbounded sequences, and they have 
multiplicities denoted respectively by M^^ and M^, given by the following formulas: 

(j-l)(j + j-2) (/-l)(m-j+;-2) 
(5.5) <Ji = 5 , pi = 



j + fj+i-3 



(5.6) M^, = l, M^,=j + 1, M^^=[-'._^ 1 - ) fori>3, 



Mp,=l, Mp,=m-j + l, Mp,= 



m — j + 1— \ \ — j + I — 3 

l-l )-\ 1-3 

for I > 3. 



The negative eigenvalue - + 33^-) = cri - + has multiphcity 1, and 

its eigenspace consists of constant functions. This gives a contribution of 1 to the strong 
Morse index of [a;™'^] „ , but not to the weak Morse index. On the other hand, all the 

Other eigenspaces of J are -orthogonal to the first eigenspace constisting of constant 
functions on S-' x S™"^, i.e., non constant eigenfunctions of J have vanishing integral. 
This implies that the strong Morse index [a;™'^] ^ is equal to the weak Morse index plus 
1, proving (a). 

As to the degeneracy, let us observe that is always an eigenvalue of J, because: 

<72+P2 - ( ^ + Y372 ) = 0' 
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for all r G ]0, 1[. Assuming that there is no other pair {i, I) ^ (2, 2) such that <7i + pi — 
+ I'i^Ji ^ — 0, then the multiplicity of zero as an eigenvalue of J is given by: 

M^^Mp^ = (j + l)(m - j + 1) = m + 1 + j{m - j). 

By Corollary 5.2, this multiplicity equals the dimension of the critical orbit of [x^'^] ^ . 
Thus, nondegeneracy occurs exactly when there is no other in the spectrum of J. Since 
the sequences cTj and pi are strictly increasing, it follows that other O's in the spectrum of 
J must be of the form 



for some / > 3, or of the form 

( j ^rn-j 
1 — 

for some i > 3. Recalling (5.2) and (5.5), we compute explicitly: 

j m—j\ {I — l){m — j + I — 2) f j 
<yi+ Pi- ' ■ ^ 



^ r'^[3 + li{i,fn)\ - j 
, rn-j \ {i-l){j + i-2) ( j m-j 



^ ^2 / ^2 \ ^2 ^ , 

^ /?»(i)-r^[m-i + A(j)] 
r^(l — r^) 

The first expression above vanishes for r G ]0, 1[ exactly when r = s™'-', while the second 
expression vanishes for r G ]0, 1[ exactly when r = r™'-', see (5.3). This proves part (b). 

For the proof of part (c), we will show that the jump of the Morse index at the instants 
s™'-' is equal to the multiplicity M^j, while the jump of the Morse index at the instants 
r^'^ is equal to M„., see (5.6). This amounts to proving that the zeros of the functions: 

= ,2(1_,.) 

and 

. ,_ Pi{j)-r^[m-3+fii{j)] 
'^i^n- r2(l-r2) 
in the interval ]0, 1[ are points where the functions change their sign. An elementary anal- 
ysis of these functions show that 6i is strictly increasing and Ki is strictly decreasing on 
]0, 1[ for all / , i > 3. Thus, every degeneracy instant determines a jump of the Morse index 
equal to its multiplicity. □ 

The constant mean curvature torus x^'^ has mean curvature H^'^ given by (see [3]): 

2 

= n 2 ' 

mrvl — ^ 

thus, by Proposition 4.3, part (c), the corresponding Lagrange multiplier A™'^ is: 



The derivative ^A™'-' is positive: 
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because (m — 2j)r^ + j > min{j, m — j} > for r e ]{), 1[. 

Remark 5.5. Note that the value of r = e sj^^, ■sj . corresponding to the 
minimal CUfford torus, is not a degeneracy instant for the family of CMC CUfford tori. 

Finally, everything is now ready for: 

Proof of Theorem. The existence of CMC embeddings of the product x S™~^ into S"*"*"^ 
that accumulate at the CMC Clifford tori x™'^ and x™'^ and that are not congruent to 
any member of the CMC Clifford family corresponds exactly to the occurrence of orbit 
bifurcation at r = rj and at r = Si for the CMC constrained variational problem on 
the manifold of unparameterized embeddings of §^ x §™~J into §'"+^. The existence 
result is obtained by applying Theorem 2.7, whose assumptions are satisfied, as follows. 
The topological and differential structure for the manifold 9Jl = Emb2,a (M, N) the area 
and the volume functional A and V required in assumptions (Al) — (A5) for the CMC 
variational problem has been discussed in Sections 3 and 4. The path of classes of CMC 
Clifford tori r i-> [x^'^] ^ ^ satisfies axioms (Bl) and (B2); see (5.7) for the condition 
a; > 0. 

The statements in assumption (HF-A) and (HF-B) are estabhshed respectively in part 
(a) and (b) of Proposition 4.4. The continuity assumption (HF-B3) is deduced immediately 
from (4.5). 

The statement of assumption (CI) is proved in Proposition 5.1. As to assumption (C2), 
this follows from Proposition 5.3. 

The hypotheses (Dl) and (D2) hold by Proposition 5.4. 

Hence, by Theorem 2.7 there is orbit bifurcation at the instants r = and s = Si, 
i e INT. 

As to the stability of the CMC Clifford family for all other values of r, this follows 
readily as an application of Proposition 2.4 to the above setup, using the fact that, by 
Proposition 5.4, for all values of r that do not belong to the sequences rj and Sj, the critical 
orbit SO(m + 2) [a;™'-'] 2 is nondegenerate. This concludes the proof. □ 
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